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ON THE HOMOTOPY TYPE OF BG FOR
CERTAIN FINITE 2-GROUPS G

CARLOS BROTO AND RAN LEVI

ABSTRACT. We consider the homotopy type of classifying spaces BG, where
G is a finite p-group, and we study the question whether or not the mod p
cohomology of BG, as an algebra over the Steenrod algebra together with the
associated Bockstein spectral sequence, determine the homotopy type of BG.
This article is devoted to producing some families of finite 2-groups where
cohomological information determines the homotopy type of BG.

1. INTRODUCTION

Let G and H be finite p-groups, which agree on some of their cohomological
invariants. The question whether G and H are isomorphic groups has a negative
answer in general. For instance, mod-2 cohomology algebra cannot differ between
dihedral 2-groups of various orders, even if the action of the Steenrod algebra
is taken into account. A similar fact is known for various metacyclic 2-groups,
among which one counts the quaternion and semidihedral groups [15]. In a recent
paper, 1. Leary exhibited examples of distinct 3-groups having isomorphic integral
cohomology rings [12]. Further examples of distinct finite 2-groups, which mod-2
cohomology algebra cannot tell apart, are given in [16]. However if one requires,
in a sense that will be made precise later, that the given cohomological data on G
includes its Bockstein spectral sequence then, although we are not able to prove the
contrary, we are not aware of an example of two distinct p-groups which cohomology
cannot tell apart.

The question becomes significantly more complicated when one considers a finite
p-group G and a p-complete space X such that BG and X have the same coho-
mological invariants and asks whether X and BG have the same homotopy type.
This last question is reduced to the previous one if one can show for a particular
example that X has the homotopy type of BH for “some” finite p-group H. One
might thus wonder to what extent does cohomological data determine isomorphism
type for finite p-groups GG, or more generally, the homotopy type of BG.

In this note we shall mainly be interested in the second question. We restrict
attention to the prime 2 and study some examples of finite 2-groups G, where the
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homotopy type of BG is determined by its cohomology. Further examples where
the results are not as conclusive are also given.

Unless otherwise specified all spaces are assumed to have the homotopy type of
a 2-complete CW complex. The cohomology of a space is considered as an object
in the category Kg. It is, roughly speaking, the category of unstable algebras over
the Steenrod algebra, in which the higher Bockstein operators are being taken into
account. It is immediate, for instance, that every finite abelian 2-group G gives rise
to a unique object of Kg, characterizing BG up to homotopy and hence the group
G, up to isomorphism. We say that two spaces X and Y are comparable if X and
Y give rise to isomorphic objects in Kg. We say that the homotopy type of a space
X is determined by its cohomology if any space Y, comparable to X, is homotopy
equivalent to it.

The first family of groups we consider is the dihedral 2-groups.

Theorem 1.1. Let Dy» denote the dihedral group of order 2™. Then the homotopy
type of BDon is determined by its cohomology.

A considerably larger family of 2-groups, containing the dihedral and quaternion
groups of order 8, are the extra special 2-groups which we consider next.

Theorem 1.2. Let G denote an extra special 2-group. Then the homotopy type of
BG is determined by its cohomology. In fact in almost all cases, the homotopy type
of BG for an extra special 2-group G is determined by the cohomology algebra of
BG.

The examples we present next appear less favorable. Indeed a basic question
in the subject is whether in general cohomology forces at least the fundamental
group of a space X, given that X is comparable to BG for some finite p-group
G. In the following examples we were not able to determine a complete answer to
this question. Thus one might suspect that an example of a space X comparable
to BG yet not homotopy equivalent to it might arise from studying the groups G
considered below.

Proposition 1.3. Let G = Qan denote the generalized quaternion group of order
2". Then for n < 5 the homotopy type of BG is determined by its cohomology.
Forn > 5 let X be a space comparable to BG. Then either my X =2 Qqr for some
4<k<n-2o0orX~BG.

The question of whether or not the homotopy type of BQs» is determined by its
cohomology for n > 5 is reduced in section 5 below to understanding free actions
of the group Q16 on certain simply connected spaces Y such that QY is homotopy
equivalent to S3{2"}, the homotopy fibre of a degree 2" map on the sphere S. In
particular showing that such actions do not exist would imply that the homotopy
type of BQan is determined by its cohomology for all n.

Proposition 1.4. Let G = SDsyn denote the semidihedral group of order 2™. Let
X be a nilpotent space, comparable to BG. Then m X 22 SDqr for some k > 4.

In section 2 below we give a precise definition of what it means for a space X
to be determined by its cohomology. If one considers cohomology as a functor
from the homotopy category to the category Kg, then the class of spaces which
are determined by cohomology is understood to be the subclass of the homotopy
category, on which the restriction of this functor is 1-1 when considered only as an
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operation on objects. Thus one might wonder whether this class is closed under
simple operations such as products, wedges etc. It is hard to believe that one could
produce successful answers to those questions in general. However in our more rigid
context we are able to prove the following.

Proposition 1.5. Let G be a finite p-group such that the homotopy type of BG is
determined by cohomology. Then for any elementary abelian p-group E, the same

holds for B(G x E).

Next we restrict our attention to the isomorphism type of the groups under
consideration.

Definition 1.6. Let D, denote the class of finite p-groups which are determined
among finite p-groups by their mod-p cohomology as objects of Kg. Namely if G €
D, and m is another finite p-group, then comparability of BG and Bm implies that
G is isomorphic to T.

With this definition we are now able to state a corollary of our results.

Corollary 1.7. Finite abelian 2-groups, extra special 2-groups, dihedral quaternion
and semidihedral groups belong to the class Do. Furthermore, for any prime p, the
class Dy, is closed under direct products with finite elementary abelian p-groups.

It is not hard to observe that in fact, the isomorphism type of G, for G an
extra special p-group, p odd, is determined by the cohomology algebra of BG. This
result can be extended to any p-group of nilpotency class 2 under certain favorable
hypotheses.

The main task of this paper is the observation that cohomology as an object of
the category Kg can sometimes determine the homotopy type of BG for finite non-
abelian 2-groups G and indeed, where considering it as an object in the categories
K or U of unstable algebras or modules over the Steenrod algebra fails to do so.

The authors are grateful to the Centre de Recerca Matematica, Barcelona, and
the Mathematisches Institut der Universitat Heidelberg for their kind hospitality
and support while part of this research was done. We also thank Jaume Aguadé,
Carles Casacuberta, Richard Kane, Ian Leary, Bjérn Schuster and Said Zarati for
useful conversations.

2. CONVENTIONS AND TERMINOLOGY

All spaces considered are assumed to have the homotopy type of a CW complex
and to be 2-complete in the sense of Bousfield and Kan [6]. We denote H*(—;F3)
by H*(—). Let A denote the mod-2 Steenrod algebra. Let I denote the category of
unstable algebras over A. By “EMSS” we abbreviate the Eilenberg-Moore spectral
sequence and by “SSS” the Serre spectral sequence, both for mod-2 cohomology,
unless other coefficients are specified. The Bockstein spectral sequence for mod-2
cohomology is abbreviated by “BSS”. The following definitions are included here
in order to provide a systematic background for our discussion. The full generality
of the concepts we define will not be used in this note but they may become useful
in a more general study of the problems suggested here.

Definition 2.1. Let K be an unstable algebra over A. A BSS for K is a spectral
sequence {E;(K), 3;}52, of differential graded algebras where the differentials have
degree one and such that (see [7, 11])
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(1) E1(K) = K and 31 = Sq" is the primary Bockstein operator.
(2) If x € K" and 2> # 0 in Ey(K), then fa(z?) = 2 Sq'z + Sql*1Sq'z.
(3) If v € E;(K)®" and x> # 0 in E;1(K), i > 2, then Bi11(2?) = 2 Bi(x).

Let g denote the category whose objects are pairs (K; {E;(K), 3;}52,), where
K is an unstable A-algebra and {E;(K), 5;}52, is a BSS for K. We will frequently
abbreviate an object (I; {E;(K), 5;}72,) of Kg by Kjg. A morphism f : Kg — Kj
in Kg is a family of morphisms {f;}32,, where f; : K — K’ is a morphism of A-
algebras and for each i > 2, f; : F;(K) — E;(K’) is a morphism of differential
graded algebras, which as a morphism of graded algebras, is induced by f;_1. The
mod-2 cohomology of a space X together with its BSS is a typical object of the
category K that will be denoted by Hj(X). Thus mod-2 cohomology can be
thought of as a functor from the category of spaces to the category Kg.

This category has been considered in [2] and [3]. Examples of spaces X with
H*(X) = Plx2] ® Elys], realizing every BSS, which could possibly be associated to
this unstable algebra by our set of axioms, are discussed in [2]. Thus we regard (1),
(2) and (3) above as a reasonable set of axioms for a BSS associated to an unstable
algebra over the Steenrod algebra.

Definition 2.2. Two spaces X and Y are said to be comparable if H3(X) and
HE(Y) are isomorphic objects of the category Kg. We say that X is determined by

cohomology if given a space Y comparable to X, there is a homotopy equivalence
X~Y.

Definition 2.3. Let Kg be an object in K. Let K be the underlying unstable alge-
bra. We say that Kg is weakly generated by x1,--- ,x, € K if any endomorphism
f of Kg, such that the restriction of f1 to the vector subspace of K spanned by
1, , Ty 1S an isomorphism, is an isomorphism in Kg. In that case we shall say
that x1,--- , %y, 1S a set of generators for Kg in Kg.

Throughout this note we shall be calculating the EMSS of certain fibrations such
that the base space has a finite 2-group as a fundamental group. Thus we shall use
the fact that the action of a finite 2-group on a finite dimensional Fso-vector space
is always nilpotent and so the EMSS is granted to converge to the right target by
[8].

Next we point out that in order to grant that a mod-2 cohomology isomorphism
through dimension 2 induces an isomorphism on fundamental groups, one might
be tempted to assume that all spaces considered are nilpotent. This assumption is
not necessary in most cases. Indeed [6, 1.6.2] gives a slightly more restricted result,
still suitable for our purposes, without the nilpotency assumption. We will have to
assume nilpotency however in section 5 below where this lemma of Bousfield and
Kan cannot be applied. A final remark is that in our examples the 2-completeness
assumption of the spaces X under consideration is not essential to the construction
of maps from X to suitable classifying spaces BG. One can define the concept of
comparability dropping the 2-completeness assumption and then, assuming that X
is comparable to BG for some finite 2-group G, one might be able to construct a
map from X to BG and then examine its cohomological properties. If the map
happens to induce an isomorphism on cohomology then our assertions would hold
for the 2-completion of X.

There are odd primary analogues of all concepts we have defined in this section.
Only Definition 2.1 needs the obvious reformulation at odd primes.
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Definition 2.4. Let p be an odd prime and A, the mod-p Steenrod algebra. Let K
be an unstable algebra over A,. A BSS for K is a spectral sequence {E;(K), 8;}2,
of differential graded algebras where the differentials have degree one and such that
(see [7, 11])

(1) E1(K) =K and 31 = (3 is the primary Bockstein operator.

(2) Ifx € E;(K)®*" and 2P # 0 in By 1(K), i > 1, then Biy1(2P) = 2P~ 15;(x).

3. THE DIHEDRAL GROUPS

This section is devoted to the proof of Theorem 1.1. The dihedral group of order
8 is a particular case of an extra special 2-group. However, the calculation here
applies to dihedral 2-groups of arbitrary order and is different in nature from the
one performed in the proof of Theorem 1.2 below.

Let Don denote a dihedral group of order 2™.

Dov = (z,yla® " =y* = Liyay =27 ).
Recall from [10] for n > 3
H*(BDan) & Plzy,y1,wa]/(2* + zy),

where the degrees are given by the subscripts. The action of the Steenrod algebra
is given by Sq'(w) = wy and all the other operations are determined by the regular
axioms. The Bockstein spectral sequence is determined by the requirement that

Ey2 E3>...2F, | = Pluw?| ® E[zw)

and B,,_1(zw) = w?. Indeed Da» has a normal cyclic subgroup of order 2”1, which
detects this higher Bockstein. This calculation is completely routine using the SSS
for the respective group extension.

Notice that the algebra generators for H*(BDan) are the same as the generators
in Kg. Thus for the proof of Theorem 1.1, it suffices to show that any space X
comparable to BDs» admits a map X — BDsn, inducing an isomorphism on
cohomology up to dimension 2.

Let X be a space comparable to BDsn. Let D4 denote an elementary abelian
2-group of rank 2. There is a map ¢ : X — BDy, classifying the classes z,y €
H'(X). Consider the tower of principal fibrations
(3.1) o+ — BDgn = BDgny == ... ™% BDg ™% BD,.

Each projection 7; corresponds to the central extension

0 — Z/2 — Dgit1 — Dyi —> 1
classified by w € H?(BD,:) if i > 3 and by 2% + 2y € H*(BDy) if i = 2.
Lemma 3.1. The map ¢ : X — BDy factors through BDaon .

Proof. Clearly the composite

2
X %2 BD, " K (2/2,2)

is null-homotopic. Hence ¢5 factors through BDg. Thus we must show that the
composite

X " BDyu v - K(2,/2,2)

is null-homotopic for k£ > 1.
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Indeed it is easy to see by applying naturality of Sq' that ¢* _, (w) = aw for
some a € Fy. If a =1 then ¢ _, is an isomorphism, contradicting the existence of
different Bockstein operators in H*(X) and H*(BDgn-«). Thus ¢f_,(w) = 0 as
required. O

To complete the proof of Theorem 1.1 we must show that ¢;w = w. Suppose
¢rw = 0. An easy EMSS calculation for the fibration

F - x 2 BDy»

shows that
H* F) = P[’Ug] ®E[O¢1],
as a P[v]-module, where v = j*(w) € H?(X).

Since Bp-1(zw) = w® in H5(X) and j*(z) = 0, it follows by naturality of the
BSS that f,(aw) = v* in Hj(F) for some 7 < n — 1, which in turn easily implies
that G, (o) = v.

This determines the homotopy type of F' to be that of BZ/2". Hence X ~ BH,
where H fits in a group extension of the form

0 — Z/2" — H — BDjn — 1.

We argue that H = Dyntr and having done so, we obtain a contradiction to our
hypothesis, for if X = BDyn+r, r > 1 then H*(X) gives rise to a different object
of Kg than the one assumed.

Indeed, consider the fibration

BZ)2" — X % BDyn.

Since ¢ w = 0, it follows that ¢, lifts to a map ¢p41 : X — BDan+1. One observes
immediately that the homotopy fibre of ¢,11 is BZ/2"~1. The same argument as
above implies that ¢ ,w = aw for some a € Fy. But if @ = 1 then ¢4 is an
equivalence, which would imply » = 1 and we get the desired contradiction. Thus
if » > 1, then @ = 0 and one proceeds inductively. Notice that the process must
stop for ¢n4r : X — BDgn+r has to be an equivalence. This completes the proof
of Theorem 1.1.

4. THE EXTRA SPECIAL 2-GROUPS

An extra special 2-group is a central extension of an elementary abelian 2-group
by a cyclic group of order 2. The cohomology of extra special 2-groups was com-
puted by Quillen [14]. We start by recalling Quillen’s result. A good general
reference for the subject is [4].

Let G be an extra special 2-group. Thus G fits in a central extension

(4.1) 0—2Z/2— G— E—0,
where E is an elementary abelian 2-group of rank n. Write
H*(BE) & Plz1, 22, , Zn].
Then the extension (4.1) is classified by some quadratic form ¢ € H?(BE).
Theorem 4.1 (Quillen). Let G be as above. Then
H*(BG) = Plry, w2, 0]/ (0,415 -+ qn) @ P[(]
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with g0 = q, ¢1 = Sq*qo and ¢ = Sq2171qi_1. The elements x1,z9, -+ , 2, are
degree 1 elements inflated from H'(BE). The number 2" can be interpreted as the
index of a mazimal elementary abelian subgroup of G. The element ¢ has degree 2"
and can be chosen to be any element of this degree, restricting non-trivially to the
kernel in the extension (4.1) above.

The following theorem deals with the Bockstein spectral sequence for H*(BG)
and is proven in [4].

Theorem 4.2. Let G be an extra special 2-group with h > 2. Then the Es page of
the Bockstein spectral sequence for H*(BQ) is given by

E; :E[717737Fy4"' ,’}/h]@P[C]

with |y1| = 3, || =277 for j >3 and || = 2n.
For 3 <r < h we have,

Ef = Elnvs - v 1,0 0] @ P[C
Finally, E; | = E}; and B =1TFy forr>h+2.
The differentials are given by Ba(v1) = v3, Br(V17Y3 V) = Yrt1, Br(vi) = 0 for
r <4i, 8.(¢) =0 for all v and Bp+1(v1v3 - 7n) = C.

Notice that the case h = 0 corresponds to elementary abelian 2-groups and h = 1
to Z/4 x E or Dg x E where E is elementary abelian. The first case is abelian and
thus obvious. We will remark about Dg x E later.

Lemma 4.3. Let G be an extra special 2-group with h > 2. Then HZ;(BG) 18
weakly generated by H'(BG).

Proof. Let Kg denote H3(BG). Let f be an endomorphism of Kg, such that the
corresponding endomorphism f; of K, restricted to dimension 1, is an isomorphism.
We must show that f is an isomorphism.

Assume that G is an extra special 2-group, given by an extension on the form
(4.1), whose cohomology is given by Theorems 4.1 and 4.2. Without loss of gener-
ality we may assume that

(4.2) fi(x;) =x; for all 4.

Indeed, f; restricted to dimension 1 being an isomorphism, it is obviously an iso-
morphism when restricted to Plz1, @2, -+ ,24]/(90,q1, - ,qn). In particular, the
unique extension of fi to Plx1, za, -+ ,x,] & H*(BE) preserves the quadratic form
q that classifies the extension (4.1). Regarding f1, restricted to dimension 1, as the
dual of an automorphism fl of E, one sees that fl extends to an automorphism
fi: G — G. The induced map on cohomology f{ is an isomorphism with the prop-
erty that f;(z;) = fi(x;). Hence the map f':= (f;1)* o f is an endomorphism of
H}(BG), satisfying condition (4.2) above.

So, assuming (4.2), it follows easily that f, maps the exterior generators in E(K)
to themselves for all ». Thus we get at the h + 1 page of the spectral sequence

Jre1(Q) = fros1Brr1(v1y3 ) = Brrfrer(myz -+ vn) = C.

On the other hand f; is induced by f;_1. Thus we must have f1(¢) = (+p, for some
polynomial p = p(x1,- -+ ,z,). By Theorem 4.1 the self map of K which takes x; to
itself for every ¢ and ¢ to ¢ + p is an isomorphism, hence the proof is complete. [
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We are now ready to prove Theorem 1.2. Assume that X is a space with
H*(X) = H*(BG)

as algebras, where G is an extra special 2-group of order 2"*! classified by the
quadratic form ¢ and with maximal elementary abelian 2-subgroup of index 2".
We will show:

(1) If h > 3, then X ~ BG.
(2) I h > 1 and Hj(X) = H3(BG), then X ~ BG.
We start by proving (1). Suppose h > 3 and let X be a space such that H*(X) &
H*(BQ@) as algebras. Let G be given by the central extension (4.1). The argument

above yields that any map X L, BE inducing an isomorphism on H'(-), lifts

to a map X Y, BG such that * is an isomorphism up to dimension 2" — 1.

Furthermore, it is possible to choose 1 such that under a suitable change of basis,
P*(¢) = eC for some € € Fo. If € = 1, then ¢* is an isomorphism. Thus assume
that e = 0.

The EMSS for the fibration

F—x -2 BG
is easily shown to collapse at E5 and
E; 2 Ey = Plv] ® Elq]

with [v| = 2" and |a] = 2" — 1, as a P[v]-module. By [1] it follows that either
|u| = 2 or |v| = 4. Hence we are in the case h < 2, contradicting our hypothesis.
Next we turn to the proof of (2). Consider the case h > 2. Indeed, there is a

map X —~ BE corresponding to the projection BG — BE. Since the composite
X % BE L K(7/2,2)

is null-homotopic, there is a map X 2, BG, lifting p. Moreover, since p induces
an isomorphism in 1-dimensional cohomology and h > 2, it follows that any such
lift induces an isomorphism in cohomology up to dimension 2* — 1 > 3. The result
follows by Lemma 4.3.

For h = 1 it remains to consider the case, where G = Dg X E with E elementary
abelian. This case is a consequence of Theorem 1.1 proved in the previous section
and Proposition 1.5 which is proved in section 7.

This completes the proof of Theorem 1.2.

Remark 4.4. Notice that the conclusion X ~ BG is not true for h = 1 unless
H3(X) = H3(BG), for dihedral groups of different orders produce counterexamples.
We are not aware of a suitable example for h = 2.
5. THE QUATERNION GROUPS Q2=
The quaternion groups are given as follows:
Qur = (w,yle® " =y%2? = Lyay =27,
Recall the cohomological structure of BQan:
H*(BQ2an) = Plz1,y1,v4]/ (e, B)

where o = 22 +zy+y2, B = 22y+y?zifn = 3and o = 2% +xy, B = y® if n > 4. The
Bockstein spectral sequence is determined by the regular axioms for Sq¢' and the
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requirement that 3,(c) = v, where ¢ € H3(BQax) is the unique generator. Notice
that the n-th Bockstein is defined here with no indeterminacy and that the class ¢
is a product of 1-dimensional generators. Thus H*(BQ2~) is weakly generated by
z and y as an object of Kg.

The central extension

0—2Z/2— Qan —> Dyn-1 — 0

is characterized by the class o € H*(BDgn-1), where g = 22 + zy +y* if n = 3
and g2 = w + y? if n > 4 (see for example [9]).
The group Qg is an extra special 2-group. Thus we will assume n > 4.

Proposition 5.1. Suppose X is comparable to BQan for some n > 4. Then m X
s isomorphic to Qqr for some 4 < k < n. In particular if n =k, then X ~ BQan.

Proof. There is a map ¢o : X — BD,, where Dy = Z/2 ® Z/2, classifying
x,y € H*(X). Consider the tower of principal fibrations

(5.1) <o+ — BDgn = BDguo1 =% ... I3 BDg "% BDy.

Recall that the map o is classified by the class #? + zy € H2(BD,) and that each
map 7; for i > 3 is classified by w € H?(BD,:).

Since ¢3(z2 + xy) = 0, ¢o lifts to ¢35 : X — BDg inducing isomorphism in
1-dimensional cohomology. Suppose that for some i > 3 there is a map ¢; : X —
BDy: factoring ¢2. Then ¢} is an isomorphism in dimension 1 and by applying
naturality of Sq' one easily observes that ¢ (w) = by? for some b € Fo. If b = 0,
then ¢; lifts further to a map ¢;11 : X — BDsi+1 and the argument may be
iterated. On the other hand if for some k > 4, ¢, (w) = y?, then ¢} _, (w+y?) =0,
and the composite

2
X % BDy " K(Z)2,2)

is null-homotopic. The class w + y2? is known to be the extension class for the
quaternion group Q- (see for instance [9]). Thus ¢g—; lifts to a map A\g: X —
BQqk, inducing an isomorphism on cohomology in dimension 1 through 3. Hence
in this case m1(X) 2 Qqr for some k > 4 ([6, 1.6.2].) It remains to show that the
lifting process actually finishes at some k& < n. Thus suppose that it doesn’t. Then
¢; is defined for every i > 2 and ¢} (w) = 0. Define F; to be the homotopy fibre of
¢, thus obtaining a sequence of fibrations

e R, E Fy Fy
| s | |

= X = . ..._= X = .= X = X
erﬁk—l l@ﬁi l@ﬁs J,¢2

i BDgrs BD, BDyg BD,

An EMSS calculation yields
H*F; =~ E[al, aQ] ® P[U4]

as P[vs]-modules, where v, is the restriction of vy € H*(X). Moreover by naturality
of the EMSS, the map F;1; — F; induces an isomorphism in even dimensional
cohomology and it is trivial in odd dimensions.
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Now consider each fibration separately. Since 3, (z3) = v in H 5(X), we obtain
that B, (a1a2) = v in H*(F;) for some r; < n and therefore (s, (a1) = ag for
some s; < r;. If s; = r; for some 4, then F; is comparable to BZ/2" and thus
F ~ BZ/2":. In that case a similar argument to the one presented in the proof
of Theorem 1.1 shows that X ~ BQyi+r;, which in turn implies that i +r; = n
by considering the action of the higher Bockstein operators, distinguishing between
classifying spaces of different quaternion groups. Assume now s; < r; for all 4.
Comparing cohomology of F;1; and F;, we observe that ;11 < r;. Hence, at the
(k — 1)-st step we have a sequence of inequalities:

1<sp 1 <rp1<---<rg<rg<n
from which it follows that the lifting process has to stop at some k,4 <k <n. O
Corollary 5.2. The homotopy type of BQ1¢ is determined by cohomology.

Proposition 5.3. Let X be a space comparable to BQan with m X = Qqr for some
4 <k <n, and let X be its universal cover, then

(a) H3(X) = El2s] ® Ploa] with By—y(23) = va.
(b)  The action of Qa1 on H*(X,Z) is trivial.
(c) The quotient space X /Qqr—1 is comparable to BQan-1.

Proof. The EMSS for X — X — BQqr shows that
H*X = E|z3] ® Plvg

where vy is the restriction of v4 € H*(X). Furthermore, by naturality of the BSS,
Bi(23) = vy for some t < n. Tt follows that X is of finite type [2, Proposition 5.7]
and that the rings H*(X;Z) and Z/2![t4] have isomorphic augmentation ideals.
The generator 04 reduces to vy mod 2. We proceed in proving (c). The proofs of
(a) and (b) will follow.

There is a homomorphism Qo= — 7Z/2 given by sending x to the generator of
Z/2 and y to 1. The kernel of this homomorphism is a quaternion subgroup of Qan
of order 2"~ 1. Let X -+ BQy+ denote the map classifying the universal cover for
X. Then there is a commutative diagram

X = X
| |
(A) Xy, —— X —— BZ/2
bk
(B) BQak-n —— BQyx ——— BZ/2

Calculating the EMSS for (A) and (B) and using naturality, it follows that H*(X7)
>~ H*(BQgyn-1) as an algebra. Obviously 71 X1 2 Qx—1. Moreover by naturality
of the BSS, 3.(z3) = vy in H*(Xy), for some r < n — 1. Thus X; is comparable to
BQQT.
Next consider the integral SSS for (A).
B9 = HP(2,/2; HY(X:; 7).

In particular E? & HP(Z/2;7,/2®7/2) and by inspection of the spectral sequence
it follows that the action of Z/2 is the twisting action. Thus Ey? = Z/2 and
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E?? = 0 if p > 1. Consequently Es* = (H*(X;7Z))%/? =~ 7,/2"! and since
H*(X1,Z) 2 7Z/2", r < n— 1, we get both that = n — 1 and that the action is
trivial. This completes the proof of part (c).

Consider the commutative diagram

= %

| l

(C) — Xy —— BZ/2
|- R
(D) BZ)2%2 —— BQow—1 —%X— BZ/2

Again the EMSS is employed to compute H*(X32). By naturality we get
H*(X2) 2 Plvy] @ El21] @ Plus]/(u®)

where v, is restriction of the corresponding class in H*(X;) and z; and ug are
inflated from H*(BZ/2%71) via aj. The structure given above is easily seen to be
both the P[vy]-module structure and the H*(BZ/2%71) = E[z;] ® P[uz]-module
structure. Using naturality of the BSS, it follows that Sx—1 (z) = v and Bs(zu) = v,
for some s < n — 1. We proceed in computing the Bockstein spectral sequence for
H*(X3). Consider the SSS with integral coefficients for the fibration (C) above.

EY?~ HP(BZ/2; HY(X4;Z) = HPT9(X1; Z).
In total degree two we have
B3 = H*(BZ/2; H(X2; Z)) = 7/2,

E9? = H(BZ/2; H*(X2;2)) = HO(BZ/2;7./2F 1) = (/281 )2/2.
Since H?(X1;Z) £ Z/2® Z/2, it follows that Z/2 acts non-trivially on Z/2%~! and
ES? =72,
In total degrees three and four we have:

Ey? = HY(BZ/2; H*(X2;Z)) = HY(BZ/2; Z/2" 1),
Ey* = HY(BZ/2; H(Xo;Z)) = HY(BZ/2;Z),
Ey? = H?(BZ/2; H* (X2, 7)) = H*(BZ/2;7,/2F1),
EY* = HY(BZ/2; HY(X2;Z)) = H%(Z/2;2/27) = (Z/2°)%/2.

Since H3(X1;Z) = 0 it follows that Ei? = Z/2 and ds : Ey® — E3° is an
isomorphism.

Next notice that ES* = (Z/2°)%/%, where s < n — 1 and that 2 annihilates the
cohomology of BZ/2 with any coefficients. Since H*(X1;Z) = Z/2"71, it follows
that Ee* = 7/2"2 and E3® = Z/2. Thus s = n — 2 and the action of Z/2 on
H*(X5;Z) is trivial. This completes the calculation of the BSS for H*(X>).

Now, we are ready to compute the BSS for H*(X). Again we use the SSS with
integral coefficients for the maps «, a; and as in the diagrams above. In total
degree four, these spectral sequences give the following extensions:

a: 7)2F — 7.)2" — (Z)2t)2k .
aq: Z)2F 1 — 7,/2n"t — (Z)28) Q21
ay: 7282 — 7,/2n=2 s (7,/21)2/2"
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It follows that
(Z/2)%+ = (2/2") %+ = (2/2)** " =2/ 7F,

where the groups Z/2F72 C Qqr-1 operate on Z/2' as subgroups of Q.x. But
Aut(Z/2?) is abelian and then the action of Qqx factors through its abelianization:
(Qor)ap = Z)2 ® 7/2. Since Z/2%=2 generated by 12 € Qqx, is contained in the
kernel of the abelianization, its action is trivial. But the action of Qqx on Z/2" has
the same invariants as the action of Z/2F~2. Hence t = n — k and Q.+ operates
trivially. This completes the proof of (a) and (b). O

Corollary 5.4. Let X be comparable to BQar with m1 X = Qor for some 4 < k <
n. Then for every 1 < j < k — 4, there exists a space X; comparable to BQon—;
with 71'1Xj = QQk—j.

Corollary 5.5. Let X be comparable to BQan for some n > 5. Then mX #
Qon—1. Consequently the homotopy type of BQs2 is determined by its cohomology.

Proof. By Proposition 5.3 assuming the contrary implies that the universal cover
X of X satisfies y

H*(X) = P[t4] X E[ZEg]
with Sq'z = t. By an argument due to Aguadé [1], a space with such cohomology
does not exist. O

Finally we remark that proving that the homotopy type of BQan» is determined
by cohomology for all n amounts to showing the non-existence of a faithful action
of Q16 on spaces of the form Y., r > 2, where Y,. is a simply connected 2-local space
such that

H*(Y,) & Plty] ® E[xs]

with 0,z = t. For r = 2 it is not clear whether or not a space such as Y5 exists.
Of course non-existence of Yo would imply that if X is comparable to BQs», then
mX # Q9n-2 and hence the homotopy type of BQgs could be determined by
its cohomology. For r > 3 spaces of the form Y, arise from the 2-completion of
BSLy(F,) for ¢ odd. However there is no suitable free action of Q16 on BSLy(Fy)
because in this case the orbit space would be the classifying space of a finite group
and comparable to BQan for some n. (This implies a contradiction, for groups
with periodic mod-2 cohomology are completely classified.) It might still be the
case that the 2-completion BSLy(F,)% admits a free Qqg-action. Nonetheless we
find it reasonable to conjecture that the homotopy type of BQ2» is determined by
cohomology for all n.

6. THE SEMIDIHEDRAL GROUPS

The semidihedral group SDa» is given as follows

SDgn = <{E, y|1’2n71 = y2 = 17yxy = x2n72_1>.

Recall from [9]
H*(BSDan) = Plz,y, u,t]/(2* + zy, zu, 23, u® + (22 + y?)t)
where |z = |y| = 1, |u[ = 3 and [t| = 4. The action of the Steenrod algebra is given
by Sq'u = Sq¢'t = 0, S¢>u = (z + y)(t + yu), S¢*t = v? and S¢®'u = S¢>t =0
for ¢ > 2. The Bockstein spectral sequence is determined by the regular axioms
for Sq' together with the requirement that 3,_ju =t in E,,_;. The calculation of
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On—1u easily follows by observing that the unique subgroup of SDsn, isomorphic
to Qan-1, detects the classes v and t in mod 2 cohomology [9]. Thus H*(BSDan)
is weakly generated by z, y and u.

Consider the central extension

(6.1) 0—7Z/2— SDgn — Don-1 — 1

characterized by the class w + 22 € H?(BDgn-1). Consider the tower of principal
fibrations

(6.2) cet — BDon 2 BDguor == ... % BDg ™% BD,.

Define BD, as the inverse limit of the tower (6.2). It turns out to be an extension
(6.3) BZy — BDs — BD;

and by comparison with any other BZ/2"~2? — BDgn — BD, it follows that the
only possible differential in the SSS for (6.3) is da(u) = 2® + xy, where u is the

generator of the mod 2 cohomology of BZs, and therefore
H*(BDw) = Plz,y)/(a* + y).

Let X be a space comparable to BSDan. There is an obvious map ¢2: X — BD,
classifying the classes z,y € H'(X). Lifting ¢ through the towers (6.2) and (6.1)
we will obtain a map f: X — BG, where G is either semidihedral or D, such
that the induced map in mod 2 cohomology is an isomorphism in dimensions one
and two.

Recall from [5] that a map f is called an HZ/2-equivalence whenever the induced
map on mod 2 cohomology is an isomorphism in dimension 1 and a monomorphism
in dimension 2. There exists a localization theory E%/2 on the category of groups
that invert those maps. Finite 2-groups and inverse limits of finite 2-groups are
examples of E%/2-]local groups.

Proposition 6.1. Let X be a space comparable to BSDan. Then X is HZ/2-
equivalent to either BSDqx for some k or BD.

Proof. The map 7 is classified by 22 + 2y € H?(BD,). But 22 +xy = 0 in H?(X).
Hence there is a map ¢3 : X — BDg with mao¢3 = ¢o. Assume that there is a map
ér : X — BDys lifting ¢3. Clearly ¢jx = z, ¢ty = y. Using naturality of Sq¢' we
find that ¢jw = ax? for some a € Fs.

If a = 1 then the composite

2
X %5 BD, "t K(Z/2,2)
is null homotopic. Thus ¢y lifts to a map
’(/Jk_;,_l X — BSD2k+1,

which induces an isomorphism on cohomology up to dimension 2. Thus it is an
H7/2-equivalence. On the other hand if a = 0, then ¢y can be lifted further. If
¢rw = 0 for all k£ we get a map X — BD, inducing as well isomorphism on
cohomology up to dimension 2, which is therefore an HZ/2-equivalence. O

Lemma 6.2. Let f: X — BG be an HZ/2-equivalence where G and its subgroups
are HZ/2-local. Then the induced map fyu: mX — G is an epimorphism. More-
over, if G is a finite 2-group then m X = G.
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Proof. The induced map fu: mX — G is an HZ/2-equivalence as well, and there-
fore E%/2(m X) = G. Let H denote the image of f#. Since H is E%/?]ocal by
hypothesis, the above isomorphism factors through H and therefore H = G; that
is, fu is an epimorphism.

Assume now, that G is a finite 2-group. In particular the previous hypotheses
are satisfied. Let F' be the fibre of f and

Ey* = H*(BG; H*(F;Fy)) = H*(X;Fs)

the SSS for the fibration F' — X — BG. Since f induces isomorphism on mod 2
cohomology in dimension one and a monomorphism in dimension two, every element
of Ey° and E3° must be a permanent cycle and ES' = H'(F;F2)C must be trivial.
The last being the group of invariants of an Fy vector space by the action of a finite
2-group, it is trivial if and only if H'(F;Fg) is itself trivial. But this means that
w1 F = 0 because F is 2-complete. It follows that mX = G. O

Corollary 6.3. Let X be a nilpotent space comparable to BSDan. Then w1 X is
isomorphic to SDyx for some k. Moreover, the natural map v, : X — BSDgx
classifying the universal cover for X is either a homotopy equivalence or satisfies

Pi(u) = Pi(t) = 0.

Proof. In Proposition 6.1 we constructed an HZ/2-equivalence f: X — BG, where
G is either semidihedral of D,. It follows from Lemma 6.2 that the induced map
mX — G is an epimorphism. Then, G cannot be Do, for in that case X would
not be nilpotent. Hence G is semidihedral, which is a finite 2-group, so again by
Lemma 6.2 f induces mX = G.

Finally one uses the action of the higher Bockstein operators as well as the action
of the Steenrod algebra in order to show that 1, could only have the cohomological
effect described in the proposition, in case it fails to be a homotopy equivalence. [

7. PRODUCTS WITH ELEMENTARY ABELIAN GROUPS

This section is motivated by the will to understand our subject matter from a
different point of view. Namely, we have exhibited examples of finite non-abelian
2-groups G such that the homotopy type of BG is determined by its cohomology. A
natural question at that point is whether one can construct new examples of groups
G with this property out of old ones. More precisely, given two finite 2-groups (or
more generally p-groups) G and H such that the homotopy type of BG and BH is
determined by cohomology, can one perform certain group theoretic constructions
on G and H, thus obtaining a new group K, possibly infinite, whose classifying
space BK has the same property. One might have in mind constructions such
as Cartesian products, amalgamated products, fibre products etc. The simplest
possible construction is of course the Cartesian product. Thus one might wonder
whether the homotopy type of B(H x G) is determined by its cohomology if the
same holds for each one of the factors.

Proposition 1.5 handles the simplest possible version of this question. We now
turn to its proof. Assume that p is any prime. H} is thus assumed to be mod-p
cohomology. Let E be an elementary abelian p-group and suppose that X is a space
comparable to B(G x E), that is
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HE(X) = H5(B(G x E)) = H;(BG) @ H;(BE).
We can obtain a classifying map for one dimensional classes
¢: X - BE

inducing the obvious inclusion H*(BE) — H*(BG)® H*(BE). Let F be the fibre
of ¢. Since H*(X) is free as a module over H*(BE), the EMSS for this fibra-
tion is concentrated in the zero vertical line and hence collapses with no extension
problems. Thus H*(F) & H*(BG). By naturality of the BSS and the structure
of H*(X) it follows at once that F' is comparable to BG. By hypothesis, G is
determined by cohomology, hence F' ~ BG and therefore X is the classifying space
of a p-group K, given as an extension

(7.1) 1-G—-K—F—1.

Central elements of order p in K are cohomologically detectable by means of
the Lannes’ T functor [13]. Since H*(BK) & H*(B(G x E)) as algebras over the
Steenrod algebra, the central elements of order p in K and G x E are in one to
one correspondence. Hence K contains a central subgroup isomorphic to £ and an
inclusion s can be chosen so that the induced map on cohomology is the obvious
projection. Thus s is a section for ¢ and the extension (7.1) is therefore split. Since
the section s is central, the action of F on G is trivial and so K =2 G x E and
X ~BK ~ B(G X E).
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